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Abstract. Using mainly tools from [B.13] and [B.15] we give a necessary and 
sufficient condition in order that a holomorphic action of a connected complex Lie 
group G on a reduced complex space X admits a strongly quasi-proper meromor¬ 
phic quotient. We apply this characterization to obtain a result which assert that, 
when G = K.B with B a closed complex subgroup of G and K a real compact 
subgroup of G, the existence of a strongly quasi-proper meromorphic quotient for 
the S—action implies, assuming moreover that there exists a G—invariant Zariski 
open dense subset in X which is good for the S—action, the existence of a strongly 
quasi-proper meromorphic quotient for the G—action on X. 
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1 Introduction 

In this article we explain how the tools developed in [M.OO], [B.08], [B.13] and [B.15] 
can be applied to produce in suitable cases a meromorphic quotient of a holomorphic 
action of a connected complex Lie group G on a reduced complex space X. This 
uses the notion of strongly qnasi-proper map introduced in loc. cit. and our 
hrst goal is to give three hypotheses, called [H.l], [H.2], [H.3] on the group action 
which are equivalent to the existence of a strongly quasi-proper meromorphic 
quotient, notion dehned in the section 1.2. 

The proof of this equivalence is the content of proposition 12.5.11 and theorem 12.6.11 
Then we discuss these hypotheses and give a simple sufficient condition [H.lstr] 
which implies [H.l]. The existence theorem for a strongly quasi-proper meromorphic 
quotient under our three assumptions is applied to prove the following results : 

Theorem 1.0.1 Assume that we have a holomorphic action of a connected com¬ 
plex Lie group G on a reduced complex space X. Assume that G = K.B where K 
is a compact (real) subgroup of G and B a connected complex closed subgroup of G. 
Assume that the action of B on X satisfies the condition [H.lstr] on a G—invariant 
Zariski open dense subset H in X, and the conditions [H.2] and [H.3]. Then the 
G—action satisfies [H.lstr], [H.2] and [H.3] ; so it has a strongly guasi-proper mero¬ 
morphic guotient. 

Acknowledgements. An important part of this article comes from discussions 
with Peter Heinzner during a stay in Bochum. I want to thank him for his help and 
for his hospitality. 


2 Strongly quasi-proper meromorphic quotients. 

2.1 Preliminaries. 

For the dehnition of the topology on the space Cf{X) of hnite type n—cycles in X 
and its relationship with the (topological) space G°^{X) we refer to [B-M], [B.13] 
and [B.15]. 

For the convenience of the reader we recall shortly here the dehnition of a geometri¬ 
cally f-hat map (GF map) and of a strongly quasi-proper map (SQP map) between 
irreducible complex spaces and we give a short summary on some properties of the 
SQP maps. For more details on these notions see [B.13] and [B.15]. 
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Definition 2.1.1 A holomorphic map f : M ^ N between two irreducible irre¬ 
ducible complex spaces is called a geometrically f-fiat map (a GF-map for 
short) if the following conditions are fullfilled : 

i) The map is quasi-proper equidimensionnal and surjective. 

Let n : dim M — dim N. 

a) There exists a holomorphic map (^ : iV —)■ such that for y generic in N 

the cycle ip{y) is reduced and equal to the set-theoretic fiber f~^{y) of f at y. 

A holomorphic map f : M ^ N between two irreducible irreducible complex spaces 
will be strongly qnasi-proper (SQP map for short) if there exists a modifica- 
tioT^ T : N ^ N such that the strict transforn^ f : M ^ N of f by t is a GF map. 
A meromorphic map M ---> N will be called strongly quasi-proper when the projec¬ 
tion on N of its graph is a SQP map. 

Note that a GF map has, by definition, a holomorphic fiber map and that a SQP 
holomorphic (or meromorphic) map has a meromorphic fiber map via the compo¬ 
sition of the holomorphic fiber map of / with the (holomorphic) direct image map 
r* : Cf{M) —)■ Cf{M). Of course, a SQP holomorphic map is quasi-proper, but the 
converse is not true. The notion of strongly quasi-proper map is stable by modifi¬ 
cation of the target space, property which is not true in general for a quasi-proper 
map having “big fibers” (see [B.15]). 

Let TT : M —>■ be a SQP map between irreducible complex spaces and define 
n := dimM — dim A^. By definition of a SQP map, we can find a Zariski open dense 
subset Nq in N and a holomorphic map (po : -^o Cf{M) such that 

i) For each y in Nq we have the equality of subsets |</?o(2/)| = 7r“^(j/). 

ii) For y generic in Nq the cycle (po{y) is reduced. 

Let T (Z NqX Cf{M) be the graph of (po- Then also by definition of a SQP map, the 
closure P of P in A^ x (M) is proper over N. Then, using the semi-proper direct 
image theorem 2.3.2 of [B.15], this implies that iV := P is an irreducible complex 
space (locally of finite dimension) with the structure sheaf induced by the sheaf of 
holomorphic functions on A^ x Cf{M). Moreover the natural projection t : N ^ N 
is a (proper) modification. 

Let M := M dL the strict transform of M by r, that is to say the irreducible 

component of M Xjsf N containing the graph of Hq, the restriction of tt to the open 
set vr“^(A"o)0. Then let tt : M —)■ iV the strict transform of tt by the modification 
r, which is induced on M by the natural projection oi M N onto N. The 

^that is to say a f-analytic family of finite type n—cycles in M parametrized by N. 

^a modification is, by definition, always proper. 

^By definition M is the irreducible component of M Xjy N which surjects on N and / is induced 
by the projection. 

'^this graph is a Zariski open set in M x jv TV which is irreducible as TV is irreducible. 
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set-theoretical fiber at y := (y, C) G iV of tt is the subset \C\ x y in M. The 
map 'ip : N ^ Cl{M) given by {y,C) i—)■ C x {y} is holomorphic and satisfies 
\'ip{y)\ = Tf~^{y) for all y in N. Moreover '4){y) is a reduced cycle for generic y in N . 
So the map tt is geometrically f-fiat. It is the canonical GF-flattning of tt. 

Then we have an isomorphism induced by ip 

tp : N — 

where Clipk) := {C G Cl{M) / G iV s.t. \C\ C ' 7 r“^(y)} is a closed analytic 
subset of Cl{M) (see [B.15] proposition 2.1.7.); the inverse map is induced by the 
holomorphic map tt : C^( 7 r) —)■ N which associates to 7 G C^( 7 r) the point in N 
whose TT—fiber contains 7 (see the proposition 2.1.7 of [B.15]). 

The direct image of n—cycles by r gives a holomorphic map r* : C^(M) —)■ C^(M) 
which sends N ~ Cl{n) in CKtt). Let us show that it is an isomorphism of N onto 
its image in Cl{n) : 

We have an obvious holomorphic map N —)■ Cl{n) given by {y,C) i-7 C. We 
have also a holomorphic map CKtt) — )■ iV x Cl{M) given by G 1 —)■ (tt, G) where 
if : CKtt) — )■ iV is the map associating to G G Cl{n) the point y E N such that 
|G| C n~^{y). This proves our claim. 

Remark that C[{7r) is not, in general, a complex space (locally of finite dimension). 


2.2 Action of G on Cl{X). 

Let G be a Lie group. We shall say that G acts continuously holomorphically 
on the reduced complex space X when the action / :GxX—)-Xisa continuous 
map such that for each g E G fixed, the map x 1 —)■ f{g,x) is a (biholomorphic) 
automorphism of X. Then there is a natural action of G induced on the set C[{X) 
of finite type n—cycles given by {g,C) g*{C) where we denote g^{C) the direct 

image of the cycle G by the automorphism of X associated to 5 ^ G G. When G is 
a complex Lie group and the map / is holomorphic we shall say that the action is 
completely holomorphic. 

Proposition 2.2.1 The action of G on Cf{X) is continuously holomorphic. This 
precisely means that the map GxCf{X) —)■ Cf{X) given by {g, G) 1 —)■ g^{G) is contin¬ 
uous and that, for any f-analytic family of n—cycles {Gs)ses in X parametrized by a 
reduced complex space S, the family g^,{Gs)(g,s)e{g}xS is f-analytic for eachfixedg G G 
. If G is complex Lie group and the action is completely holomorphic, the action 
of G on Cf{X) is completely holomorphic, so for any f-analytic family of n—cycles 
{Gs)s&s in X parametrized by a reduced complex space S, the family g*{Gs){g,s)eGxs 
is f-analytic. 

Proof. First we prove the continuity of the action of G on ClP'^{X). To apply the 
theorem IV 2.5.6 de [B-M] it is enough to see that the map F: GxX^GxX 
given by {g,x) 1 —)■ {g,g.x) is proper. But if L C G and K C X are compacts sets. 
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we have F~^[L x K) C L x {L~^.K) which is a compact set in G x X. 

The only point left to prove the continuity statement for the topology of C^(X), 
assuming that the continuity for the topology of is obtained as follows : 

Let IT be a relatively compact open set in X and W be the open set in C^{X) of 
cycles C such any irreducible component of C meets W. Then we want to show 
that the set of {g^s) E G x S such that g*{Cs) lies in W is an open set in G x S'. 
As the topology of Cl{X) has a countable basi^ it is enough to show that if a se¬ 
quence {g^,s^) converges to {g,s) with g^{Cs) E W then for z/ S> 1 we have also 
{gu)*{Cs^) E W. If this not the case, we can choose for infinitely many u an ir¬ 
reducible component Vy of {gy)*{CsJ) which does not meet W. Up to pass to a 
sub-sequence, we may assume that the sequence Vy converges in G°^{X) to a cycle 
T which does not meet W and is contained in g^{Cs)- This is a simple consequence 
of the continuity of the G—action on C^“(X) and the characterization of compact 
subsets in G°^{X) (see [B-M] ch.IV). As any irreducible component of ^'^(G^) meets 
W this implies that T is the empty n—cycle. This means that for any compact K 
in X there exists an integer v{K) such that for v > v{K) we have Ty r\ K = 0. 
Choose now a compact neighbourhood L of g{K). For u large enough we shall have 
K C gy^{L). This comes from the fact that the automorphisms gy^ converge to g~^ 
in the compact-open topology. Then this implies that for v > v{L) the irreducible 
component g~^{Vy) of does not meet K. Then, when Sy ^ s the cycles 
does not converge to Cg for the topology of C^(X) because we have some “escape 
at inhnity” in a well choosen sub-sequence. Contradiction. ■ 


Lemma 2.2.2 Assume now that in the situation above we have a Lie group H acting 
continuously holomorphically on M. Assume that vr satisfies n{h.x) = n{x) for each 
X E M. Then the strict transform M of M by the canonical modification t : N ^ N 
giving the canonical GF flattning of vr has a natural continuous holomorphic action 
of FI such that the projection M ^ M is H—equivariant. Moreover the GF map 
it : M ^ N satisfies n{h.x) = 7t{x) for each {h,x) E H x M. 

PROOF. We have a natural action of H on Cf{M) which is continuous and holo¬ 
morphic for each fixed h E H. As the action of H is trivial on the set of fibers of tt, 
the action of H is trivial on N. Define the action of FT on M x tv X by the formula 

h.{xfi'K{x),G)) = {h.x,'K{x),hfiG)). 

It is easy to see that this is a continuous holomorphic action, and that it leaves M 
globally invariant. Now we have for each h E H and each {x, 7r(a:), G) E M : 

7 r(h.(x, (vr(a:), G))) = 7 r(h.x, (vr(x), hfiG))) = (vr(x), K{C)) = {tt{x), G) = 7 r(x, ( 7 r(a:), G)) 

because a limit of FT—invariant cycles is an FT—invariant cycle. ■ 


®This is a corollary of the fact that this is true for (see [B-M] ch.IV) as the topology of 

X has a countable basis of open sets; see [B.15] for details. 
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We shall also use the following simple tool from the cycle’s space. 

Proposition 2.2.3 Let M he a reduced complex space and {Xs)s&s a f-continuous 
family of d—dimensional finite type cycles parametrized by a compact subset S in 
C^{M). Let {Ct)t&T be a f-continuous family of finite type non empty n—dimensional 
cycles in M parametrized by a subset T in Cf{M) which is compact in We 

assume the following condition : 

• There exists an open dense set T' in T such that each Ct,t G T' is equal to 
the union some Xg. (@@) 

Then T is a compact subset in Cf{M). 


Proof. First remark that, as S is compact, there exists a compact set L <Z M 
such that any irreducible component of any Xg meets L. 

Let (tm)m<=N be a sequence of points in T' converging to a point t E T and denote 
by Cm the cycle for short and Ct = Coo- Now choose for each m an irreducible 
component F^ of some Xg^ contained in Cm- Up to pass to a subsequence, we 
may assume that F^ converges in C^{M) to a cycle F which is non empty (it 
contains a point in L) and included in |Uoo|. So Coo is not the empty cycle. 

Let a; be a generic point of an irreducible component D of Coo- Then, up to 
pass to a subsequence, we may choose a sequence {xm) of points respectively in 
Cm which converges to x. Choose for each m an irreducible component F^ of 
some Xg^ C \Cm\ which contains Xm- This is possible because of condition (@@). 
Now, again up to pass to a subsequence, we may assume that the sequence (Fm)meN 
converges in Cj^{M) to a cycle F containing the point x and contained in |Coo|. 
Note that |F| is contained in some |W^| as we may assume, by compactness of S, 
that the sequence (sm) converges to Soo G S. Then we have C |Coo|. As D 

is the only irreducible component of Coo containing x, it contains at least an irre¬ 
ducible component of |Wool containing x, and so D meets L. So we have proved 
that Coo is not the the empty n—cycle and that any irreducible component of Coo 
meets the compact set L. This is enough to conclude thanks to the proposition 
3.2.2 in [B.15]. ■ 


2.3 Definition of SQP meromorphic quotient. 

We shall consider a complex connected Lie group C and a completely holomorphic 
action of C on an irreducible complex space X. It is given, by dehnition, by a 
holomorphic map f : CxX ^ X such that f{g-g\ x) = f{g, f{g'.x)) for all g,g' E C 
and X E X, assuming that for each g E C the holomorphic map x e-)- f{g,x) is an 
automorphism of X, and that /(I, x) = x for all x E X. 

A strongly quasi-proper meromorphic quotient (we shall say a SQP-meromorphic 
quotient for short) for such an action f : C x X ^ X will be the following data: 
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1. a G— modificatioiil^ r : X —)■ X with center S. 

2. a holomorphic G—invariant GF map q : X ^ Q where Q is an irredncible 
complex space. 

3. an analytic G—invariant snbset Y G X containing S, with no interior point 
in X. We shall denote Y := t~^{Y), G := X\X, G := r“^(G) and Q' := q{^). 
Note that, as q is an open snrjective map, Q' is open and dense in Q. 

Now we ask that these data satisfy the following properties : 

i) The restriction to G of the map q o is a GF map onto the dense open set 
Q' in Q and there is an open dense set Q" in Q' snch that each hber of g o 

at a point in Q" is eqnal to a G—orbit in G. 

ii) There exists an open dense snbset Gq C G snch that for each x in Gq := 
the closure G.x of G.x in X is exactly the set q~^{q{x)). 

Proposition 2.3.1 Let G be a complex connected Lie group which acts completely 
holomorphically on an irreducible complex space X. Assume that we have a SQP 
meromorphic quotient for this action, given by a modification r : X ^ X and a 
G—invariant GF map q : X —)■ Q. Then let : Q Cf{X) be the holomorphic 
map obtained by the composition of the fiber map of the GF map q and the direct 
image map for n—cycles by the modification r. Define Qu ■= fi’iQ)- Then we have 
the following properties: 

1. Qu is a closed analytic subset in Cf^X) which is an irreducible complex space 
(locally of finite dimension) with the structure sheaf induced by the sheaf of 
holomorphic functions on Cf{X). 

2. Let Xu be the graph of the meromorphic map qu : X Qu given by the 
holomorphic map o q : X ^ Qu and let Tu : Xu —)• X and qu : Xu —)■ Qu be 
the projections on X and Qu respectively of this graph. Then {ju, qu) is also a 
SQF meromorphic quotient for the given G—action. 

3. For any SQF meromorphic quotient (r, q) there exists a unique holomorphic 
surjective map p : Q ^ Qu such that the meromorphic maps q : X Q and 
qu : X Qu satisfies p o q = qu. 

f. For any G-invariant holomorphic map h : X ^ Y there exists a holomorphic 
map H : Qu ^ Y such that h o Tu = H o qu. 


Definition 2.3.2 In the situation of the previous theorem the SQF meromorphic 
quotient for the given G—action defined by {tu, qQ will be called the minimal SQP 
meromorphic quotient of this G—action. 

®This means that we have a completely holomorphic G—action on X and that the modification 
r is G—equivariant. 




So the proposition above says that the existence of a SQP meromorphic quotient for 
the given G—action implies the existence and uniqueness of a minimal meromorphic 
quotient for this G—action. 

Proof. To prove the point 1) we shall prove that the map i/j o q : X ^ is 

semi-proper. 

Let G 7 ^ 0 be in C[{X) and £x a relatively compact open set W in X meeting all 
irreducible components of G. The subset W of C[{X) of cycles C such that any 
irreducible component of G' meets W is an open set containing G. Now q{T~^{W)) 
is a compact set in Q, as r is proper. Take any y E Q such that C := 'ipiy) is in W. 
The point y is the limit in Q of points y^ G g(fio) such that the fiber of Q at y is 
limit in Cl{X) of the fibers q~^{yu) = G.Xi, where, for z/ 3> 1, we can choose x^, in 
Ido n T~^{W). Up to pass to a sub-sequence, we may assume that x^ converges to 
a point X in Then the continuity of q implies that q{x) = y and C is the 

limit of G.Xu. So \G'\ is in the image by tjj of the compact set q{T~^{W)) and this 
gives the semi-properness of o g. 

Now the direct image theorem 2.3.2 in [B.15] shows that Qu is an irreducible complex 
space (locally of finite dimension) and the point 1) is proved. 

To prove the second point we have to show that the map : Xu —)■ Qn is a GF map. 
By definition Xu is the closure in X x Qu of the graph of the map q\QQ where Go is an 
open dense set in X such that for any point a; G Gq we have 'ip{q{x)) = G.x (as Gq is 
disjoint from the center of the modification r we identify here Gq and Gq := r“^(Go)). 
Then by irreducibility of Qu and X the closed analytic subset Xu C X x Qu is equal 
to the graph of the tautological family of cycles in X parametrized by Qu C Cl{X). 
This proves the point 2). 

Now consider a SQP meromorphic quotient of the given action given by the maps 
r : X —)■ X and g : X —)■ Q. Let : X —)■ C[^{X) the composition of the holomorphic 
map classifying the fibers of the GF map g with the direct image of n—cycles by 
the modification r. Then, by the construction in the proof of the point 1), we 
know that ipiQ) = Qu and then the map ip induces a surjective holomorphic map 
7] : Q ^ Qu- We may assume that X is in fact the graph of the meromorphic map 
g : X Q. Then, as Xu is the graph of the meromorphic map qu '■ X Qu the 
holomorphic map idx xrj : X x Q ^ X x Qu sends X to Xu because this is true 
over a dense open set in X where the maps g and g„ are holomorphic and satisfy 
g“^(g(a;)) = qu^{qu{x)) = G.x. This complete the proof of 3). 

Gonsider now a G-invariant holomorphic map h : X ^ Y. Recall (see [B.15] 
proposition 2.1.7) that Cl{h), the subset of cycles G G C^(X) which are contained in 
a fiber of h is a closed analytic subset in C^(X). On an open dense subset of Qu we 
know that a point corresponds to a cycle with support G.x for some x E X. Then 
this means that an open dense subset in Qu is contained in Cl{h). As this subset 
is closed we obtain Qu C Cl{h). Now there is a holomorphic map h : Cl{h) ^ Y 
associating to a cycle G the point in Y such |G| C h~^{y) (see [B.15] proposition 
2.1.7). This induces a holomorphic map H : Qu —)■ X, and it is clear that the 
relation h o Tu = H o Qu is true on a dense open set, so everywhere. ■ 
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2.4 Good points, good open set. 

Let X be a reduced complex space and G be a connected complex Lie group. Let 
f : G X X ^ X be a holomorphic action of G on X. 

Definition 2.4.1 We shall say that a point x E X is a good point for the 
aetion f if the following eondition is satisfied 

• For eaeh compact set K in X there exists an open neighbourhood V of x 
and a compact set L in G such that if y E V and g E G are such that 
g.y E K, there exists 'y E L with 'y.y = g.y 

We shall say that the action of G on X is good when each point in X is a good 
point. If fl is a G—invariant open set in X, we shall say that VL is a sl good open 
set for the action f when all points in fl are good points for the G—action given 

by f restricted to fl. 


Remarks. 

1. If X E X is a good point, then for any go E G go-x is also a good point ; 
for K given, choose go.V as neighbourhood of go.x and the compact set 
L.glf^ C G to satisfy the needed conditions. 

2. If fl is a good open set, then points in fl are not in general good points for 
the action on X. 

3. If fl is a good open set and hh C fl a G-invariant open set, then IR is a good 
open set. 

4. If M is a compact set of good points in X for any compact set X in X we can 
hnd a neighbourhood R of M in X and a compact set L in G such that for 
any point y E V and any g E G snch that g.y E K there exists 'y E L with 
■y.y = g.y. This is easily obtained by a standard compactness argument. We 
shall say that a compact set of good points is uniformely good. 


Lemma 2.4.2 Let x be a point in X. Then x is a good point for the G—action 
on X if and only if the map Fx : G x X —)■ X x X given by {g,x) i—)■ {x,g.x) is 
semi-proper at each point of {x} x X. As a conseguence a G—invariant open set fl 
in X is a good open set for the G—action if and only if the map F^iGxfl—)-flxfl 
given by {g,x) i—)■ {x,g.x) is semi-proper. 
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Proof. Let a; G X be a good point and fix any z E X. To prove that the map 
Fx is semi-proper at (x, z) choose compact neighbourhoods Vq and K of x and 2 ; 
in X and apply the definition of a good point to the compact set K. So we can 
find a neighbourhood V of x, that we may assume to be contained in Vq, and a 
compact set L in G such that for any y E V such that g.y E K we have a 7 G L 
with g.y = 'y.y. Then we have Fx{G x X) fl (P x iL) = Fx{L x Vq) fl (P x X) and 
L X p is a compact set in G x X. 

Conversely, assume that the map Fx is semi-proper at each point of {x} x X. Take 
a compact set X in X and apply the semi-properness to each point {x, z) where z 
is in X. For each z E K we obtain open neighbourhoods P^ and Wz of x and z in 
X and a compact set Lz x Mz in G x X such that 

Fx{G X X) n (P X Wz) = Fx{Lz x M,) n (P x IP,). 

Extract a finite sub-cover IPi,..., Wx of X by the open sets IP, and define the 
compact set L := and the neighbourhood P := nje[i^jv]P. of x. Then if 

y is in P and g.y is in X there exists i G [1, X] such that g.y G IP*. As ?/ is in P we 
can find a 7 G L,. C L with Fx{.g,y) = Fxi'jTy) and this implies that x is a good 
point. 

The second assertion is an easy consequence of the first one. ■ 


Proposition 2.4.3 Let G be a eonnected eomplex Lie group. Let f : G x X ^ X 

be an holomorphic action of G on a reduced complex space X. Then we have the 

following properties : 

i) If X is a good point for f the orbit G.x is a closed analytic subset of X. 

a) If X is a good point for f and if (G.x)nX = 0 where K (Z X is a compact 
set, there exists a neighbourhood V of x in X such that {G.x') n X = 0 
for any x' in V (x' is not assume here to be a good point). 

Hi) If X is a good point for f there exists a neighbourhood V of x such that 
any good point x' E V has an orbit which is a closed analytic subset of the 
same dimension than G.x. 

iv) Let n be a good connected open set in X which is normal and let n be 
the dimension of G.x for x E Ll. Then there exists a holomorphic 

(p : —)■ Cl{fl) given generically by (p{x) := G.x as a reduced n—cycle in fl. 

v) When we have a good open set fl in X which is normal, there exists a quasi¬ 
proper equidimensional holomorphic quotient of fl for the action restricted to 
fl. 


^This means that we have an /—analytic family of n—cycles in fl parametrized by U. 
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Proof. We already proved that a; is a good point if the map G —)■ X given by 
g I—)■ g.x s semi-proper in lemma 1.3.2. Now Kuhlmann’s theorem [K.64], [K.66] 
gives that fx{G) = G.x is a closed analytic subset of X. This proved i) 

Assume ii) is not true ; then we have a compact set K such that {G.x) fl X = 0 
and a sequence converging to x and such that {G.Xy) fl X is not empty 

for each v. Fix a compact neighbourhood K oi K such that {G.x) fl iF = 0. This 
is possible thanks to i). Pick a point y^ = \mia^oo 9v,a-Xu in {G.Xu)nK for each 
u. Up to pass to a subsequence we may assume that sequence {yu) converges to 
y & K when u —)■ -|-cxd. So, for a > q;(z/), we can assume that gu,a-Xu is in K. But, 
as a; is a good point, for the given K there exists a neighbourhood U of a; and 
a compact set L <Z G as in the dehnition. We may assume that x^ is in V for 
z/ > z/q and so we may hnd, for z/ > z/o,a > a(z^), elements ^ -h such that 
lim^^oobi/.a-a^!/ = W Vz/ > z/q. 

Up to pass to a subsequence for each given z/ > z/q, we may assume that the sequence 
(7i/,o) converges to some ■ju G L. And again, that the sequence ■ju converges to 
some 7 G L. So the continuity of / gives y^ = ■ju-Xu —t 7 .a; = y E K giving a 
contradiction because we assume {G.x) D K = 0. This proves ii). 

Let E:={U,B,j) be a n—scale on adapted to the n—cycle G.x. Then the 
compact set K := j~^{U x dB) does not meet G.x, by dehnition of an adapted 
scale. Using ii), there exists a neighbourhood U of a; such that for any x' E V 
we have {G.x') fl iF = 0. As for a good point x' E V we know that G.x' is a 
closed analytic subset, the n—scale is then adapted to G.x'. This implies that the 
dimension of G.x' is at most equal to n. But the semi-continuity of the dimension 
of the stabilizers implies that the dimension of G.x' ~ G jSt{x') is at least equal 
to n = dim(G/S't(a;)). This proves hi). 

Remark that for any x' E V such that G.x' is a closed analytic subset in F2, the 
previous proof shows also that G.x' is of pure dimension n. 

To prove iv) £x a good connected open set F2 and define 

^ := {{g,x,y) EGxVtxn / y = g.x.} 

This is a closed analytic subset in G x F2 x F2. Let us show that the projection 
p : Z ^ Q X Q is semi-proper. Pick a point {x,y) E Q x Q and choose compact 
neighbourhoods V and K respectively of x and of y in F2. Using the fact that 
any open set F2' CC 11 is uniformely good, for the compact K in H we find a 
compact set L in G such that for x' E H' and g E G with g.x' E K there 
exists 'y E L with 7 . 0 ;' = g.x'. Choosing H' containing V this implies that we 
have 

p{Z) n{V xK)= p{{L xVxK)nZ). 

So the projection p is semi-proper. Its image p{Z) is then a closed analytic subset 
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of X by Kuhlmann’s theorem [K.64], [K. 66 ]. But now the projection 

TT : p{Z) —)■ 

is n—equidimensional, thanks to iii), and has irreducible generic hbers on a normal 
basis So its hbers (with generic multiplicity equal to 1) dehne an analytic family 
of n—cycles of X parametrized by It is clearly /— analytic because each hber 
is irreducibl^ and we have an holomorphic section because each x lies in G.x. 

To prove v) let us prove that the holomorphic map 93 : —)■ classifying the 

hbers of p{Z) is semi-proper. Fix a point C G and a point xi,... ,Xk in each 

irreducible component of |C|. Let W a relatively compact open neighbourhood of 
{xi,..., Xfc} in and let W be the open set in Cl{Q) of cycles such that each irre¬ 
ducible component meets W. Let C be in >Vn<p(fl) we know that if C = ip{z) that 
\C'\ = G.z. So G.z has to meet W and we can choose y in the compact set W such 
that G' = p{y) and this gives the semi-properness of p. Now the semi-proper direct 
image theorem 2.3.2 of [B.15] implies that the image Q of (p is a hnite dimensional 
complex space. 

Then the holomorphic map q : Q ^ Q which is a quasi-proper equidimensional 
holomorphic quotient for the action / on as each hber of q is set-theoretically a 
G-orbit. ■ 


2.5 The conditions [H.l], [H.2] and [H.3]. 

Now we shall consider the following conditions on the action /. 

• There exists a G—invariant dense open set in X which admits a 

GF- holomorphic qnotient. [H I] 

Recall that this means that there exists a G—invariant geometrically f-hat holomor¬ 
phic map g : — )■ Qi onto a reduced complex space Qi such that each hber of q 
over a point in Qi is set-theoretically an orbit in fli. 

The following stronger condition will be useful in the sequel: 

• There exists a G— invariant dense open set 12 in X which is good for 

the action / (on 12) . [H.lstr] 

An immediate consequence of the proposition 12.4.31 is that the condition [H.lstr] 
below is sufficient to satisfy [H.l] by taking 12i as the set of normal points in 12 
(which is open dense and G—invariant in 12). 

Now assume [H.l] and dehne TZ := {{x,y) G 12i x 12i / ?/ G G.x}. It is a closed 
analytic set in 12i x 12i. We shall denote TZ the closure of TZ in X x X. Our 
second assumption will be : 

®But some multiplicities may occur. 
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• The subset IZ is analytic in X x X and there exists an open dense 
subset flo C such that for each x eVLq we have 

^ = ^n({x}xX). [H.2] 

Remark that the hrst projection pi : 7?. fl (flo X X) —)■ flo is quasi-proper because 
we have a holomorphic section of this map (with irreducible hbers, thanks to [H.2]) 
which is given by x ( x , x ). 

Assuming that flo contains only normal point^ in X, the equidimensionality and 
quasi-properness on flo of the projection of TZ implies that there exists a holomorphic 
map 

(^0 : ^ Cf (X) 

where the supports are given by x i—)■ G.x and where the multiplicity is generically 
equal to 1. 

We shall denote F C flo x C[{X) the graph of the map <^o and f its closure in 
X X Cf(X). We shall denote 6* : F —)■ X the map induced by the hrst projection. 
Our last hypothesis is : 

• The map 0 : F —)■ X is proper . [H.3] 

This hypothesis [H.3], assuming [H.l] and [H.2] is in fact equivalent to ask that the 
projection 7^ —)■ X is strongly quasi-proper: this is an immediate consequence of 
the proposition 3.2.2 of [B.15]. 

The following proposition shows that these conditions [H.l], [H.2] and [H.3] are neces¬ 
sary for the existence of a SQP-meromorphic quotient for a completely holomorphic 
action of G on X. 

Proposition 2.5.1 Assuming that the completely holomorphic action f : G x X ^ 
X of the connected complex Lie group G on the irreducible complex space X has a 
SQP-meromorphic guotient, then the conditions [H.l], [H.2] and [H.3] are satisfied. 

Proof. The conditions to be a SQP-meromorphic quotient gives an open set Hi 
which is dense, G—stable and which admits a GF holomorphic quotient for the 
action on Hi. So [H.l] is clear. 

Let S be the graph of the equivalence relation given by q on X. Then the proper 
direct image (r x t){S) is 7Z and so the condition [H.2] is satished as soon as we 
can hnd an open and dense subset Hq in Hi such that for each x G Hq we have the 
equality 

G:x = ^n ({x} X X). 

But this property is given by the condition ii) in the dehnition of a SQP-meromorphic 
quotient. 

®This not restrictive, as we may always assume that It \ Hq contains the non normal points in 
X. We shall always assume that Pq is normal in the sequel, without any more comment. 
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The composition of q with the classifying map Q Cl{X) for the hbers of q gives 
a holomorphic map "0 : X —)■ Cl{X). Composed with the direct image map, which 
is holomorphic (see [B.M] ch.IV ; the “quasi-proper” part of this result is easy, as r 
is proper) r* : C^(X) ^ C^(X), we obtain the fact that 71 is strongly quasi-proper 
on X which is the condition [H.3]. ■ 

2.6 Existence of SQP-meromorphic quotient 

Now we shall prove that conditions [H.l], [H.2] and [H.3] on a completely holo¬ 
morphic action of a connected complex Lie group G on an irreducible complex space 
X are sufficient for the existence of a SQP meromorphic quotient. 

Theorem 2.6.1 Under the hypothesis [H.l], [H.2] and [H.3] there exists a proper 
G— equivariant modification r : X —)■ X with center contained in X \ and a 
geometrically f-filat holomorphic map 

q : X ^ Q 

on a reduced complex space, which give a strongly quasi-proper meromorphic quotient 
for the given G—action. 

Of course the complex space X is the topological space T with a structure of 
a reduced complex space such that the projection on X is a proper modihcation. 
Then the space Q is the image of X in Cf{X). So we need some semi-proper 
direct image theorem for such a map to prove this result. Such a result is the content 
of the theorem 2.3.2 of [B.15] 

Proof. The hrst remark is that the hypothesis [H.3] says that the projection 
p : f —>■ X is a proper topological modihcation of X. But to apply directly the 
part ii) of the theorem 2.3.6 of [B.13] to the projection pi : 7Z ^ X we need 
quasi-properness of this map. This is given by the proposition 3.2.2 of [B.15] as we 
have the condition [H.3]. 

Then we obtain a proper (holomorphic) modihcation with center in E C X \ Hq) 
r : X —)■ X, and a /—analytic family of cycles in X parametrized by X extending 
the family {G.x)x£no, corresponding to a “holomorphic” map extending po : 

f.:X^ Cl(X). 

Now let us prove that this map ip is quasi-propeo. This will allow us to apply 

the theorem 2.3.2 of loc. cit. and to dehne the reduced complex space Q as the 
image <fi{X). Then it will be easy to check that the map (p : X ^ Q is a strongly 
quasi-proper meromorphic quotient for the G—action we consider. 

If Gq is in C/(X) and is not the empty cycle, choose a relatively compact open 

^°The dense open subset Hq C Bp is defined in the condition [H.2] 

^^This makes sense as the fibers are closed analytic subsets of X. 




15 


set W in X such that any irreducible component of |Co| meets W. Then let W 
be the open set in Cl{X) defined by the condition that any irreducible component 
of C meets W for C G W. Then we shall prove that there exists a compact 
set K in X such that any irreducible component of the fiber of at a point in 
>Vn<^(X) meets K. Let K := If {y,C) is in with C G W, each 

irreducible component of C meets W. But the fiber of (p at (7 is equal to |C|, 
and the quasi-properness is proved. ■ 


3 Application. 

3.1 The sub-analytic lemma. 

We shall use the following lemma (see [G-M-0]) in our application. 

Lemma 3.1.1 Let M be a reduced complex space and Y <Z M a closed analytic 
subset with no interior point in M. Let R be a closed (complex) analytic subset in 
M\Y such that R is a sub-analytic set in M. Then R is a (complex) analytic subset 
in M. 

This important lemma is a consequence of Bishop’s theorem (see [Bi.64]) and of a 
classical result on sub-analytic subsets (see [G-M-0]). 

3.2 Proof of the theorem 11.0.1 , 

Now we shall assume that G is a connected complex Lie group such that G = 

K.B where i? is a closed complex connected subgroup of G and K a compact real 
subgroup of G. 

The first condition [H.lstr] for the G—action is given by the following lemma : 

Lemma 3.2.1 In the situation of the theorem ] l.U. 11 assume that we have a G—invariant 
open set G which is a good open set for the B—action, then Q is a good open set for 
the G—action. 

Proof. Gonsider a point x E fl and a compact set M in G. Then there exists a 
neighbourhood P of x in G and a compact set L in B such that b.y G M for some 
y E V and some b E B implies that we can find (3 E L with b.y = f3.y. Now assume 
that M is W—invariant (here we use the G—invariance of G) and that g.y is in M 
for some g E G and some y E V. Write g = k.b for some k E K and b E B. Then 
b.y is again in M so we can find (3 E L with f3.y = b.y and then g.y = k.fl.y with 
k.fl G K.L which is a compact set in G. So x is a good point for the G—action on 
G. ■ 


^^Recall that, as a topological space, X = F. 
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The corollary of the next lemma will give the hrst part of [H.2] for the G—action as¬ 
suming that we have a G—invariant dense good Zariski open set hi for the 5—action 
with the condition [H.2] for the H—action. In order to use the sub-analytic lemma 
13.1.11 in this situation we shall need the following lemma. 

Lemma 3.2.2 Let H be an open G—invariant good set for the B—action, and then 
also good for the G—action thanks to the previous lemma. 

Let x'-KxXxX^XxX the map given by {k, x, y) i—)■ {k.x, y) and let 
p\ KxXxX^XxX be the natural projection. Then we have 

where we define 

TZb ■= {{x,y) G H X H / B.x = B.y} and TZg '■= {{x,y) eVLxVL / G.x = G.y}, 
and where the closures are taken in X x X. 


Proof. Remark hrst that 


p{x~\T^b)) = {ix,y) enxn / 3k e K B.k.x = B.y}. 


So {x,y) G p{x~^(J^b)) implies y G B.k.x C G.x and also k.x G B.y; we conclude 
that X is in K.B.y = G.y. This gives the inclusion p{x~^(J^b)) C TZg- The opposite 
inclusion is easy because G.x = G.y implies that x G K.B.y so there exists k & K 
such that k.x G B.y. 

Now the map x and p are proper, so we obtain the inclusion TZg- 

Let {x,y) := limi,^oo{xu,yu) where {x^^yu) is in TZg for each z/ G N. Then for each 
u the exists ky E K, by E B such that x^ = k^.h^.y^; then {kL^,Xy,yy) G TZb- Up 
to pass to a subsequence we may assume that the sequence {k,f) converges to some 
k E K. As {k^^ ,Xy,yi,) is in for each z/, the point {k~^,x,y) is in 

x-\nB) = x-'(^) 


and so {x,y) is in p(x ^(JZb)) proving the opposite inclusion. 


Corollaire 3.2.3 In the situation of the previous lemma, assume that X \ H is a 
(complex) analytic subset; then if the subset TZb is (complex) analytic in X x X, the 
subset TZg is also a (complex) analytic subset of X x X. 

Proof. Note hrst that the maps x and p are real analytic, so assuming that TZb is 
analytic implies that p(x~^(^s)) is sub-analytic. Then, as we know that TZg is an 
irreducible locally closed complex analytic subset, the conclusion follows from the 
lemma 13.1.11 as our assumption that 12 is a Zariski (dense) open set in X implies 
that 12 X 12 is Zariski open (and dense) in X x X. ■ 

A hrst step to prove the quasi-properness of TZg is our next result. 
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Lemma 3.2.4 Let assume that the B—action f on X satisfies [H.l] and [H.2]. Let 
fio C be an open set on which the fiber at any x G fio oflZs is equal to B.x (with 
some multiplicity). Then the fiber at any x G Hq oflZc is equal to G.x (with some 
multiplicity). 


Proof. As we know that the map x i—)■ B.x, with generic multiplicity 1, extends 
to is a f-analytic family of cycles of X parametrized by hlo; for each sequence 
of points in hlo converging to a point x G hlo we have (with suitable multiplicity) 
B.x = hm,^^oo B.Xi, in the topology of C;[(X). We shall show that this implies, also 
with suitable multiplicity, the equality G.x = hm,^^oo G.Xi, in the topology of Cf^X). 
As we have G = K.B with K compact, for any ?/ G X we have G.y = K.B.y. So the 
inclusion of limi,_,.oo G.x^ in the fiber at x of TZg is clear. The point is to prove the 
opposite inclusion. Let y he & point in the hber at x G ffo of Tic- If is a limit of a 
sequence y^, G G.x^, where Xy G ffo converges to x. Write y^ = ky.hy.Xy with E K 
and bi, G B. Up to pass to a subsequence, we may assume that the sequence {k^) 
converges to a point k E K. So we have k~^.y which is the limit of the sequence 
6 i,.Xy. We obtain that k~^.y is in the limit of B.Xi, which has support equal to B.x. 
Then y is in K.B.x = G.x, concluding the proof. ■ 


Proof of the theorem 11.0.11 The fact that the G—action satisfies [H.lstr] is 
consequence of lemma 13.2.11 The analyticity of TZg in X x X is proved at corollary 
13.2.31 The lemma 13.2.41 gives a dense open set flo where the fiber of the projection 
Pi of TZg at each point x G flo is equal to G.x as a set. This implies the quasi- 
properness of pi over flo, because x is in G.x and G is connected; assuming (which 
is not restrictive) that hlo is normal, we obtain a holomorphic map 

# : n„ ^ Cl(X) 

where the support of <l)(x) is equal to G.x for each x G hlo and with generic multi¬ 
plicity equal to 1. This complete the proof of [H.2] for the G—action. 

Thanks to proposition 3.2.2 of [B.15], to prove [H.3] it is enough to show that the 
closure of the graph Tc of $ in X x Cf{X) is proper on X. 

The projection ps '■ TZb ^ X is strongly quasi-proper so, for V compact in X, the 
limits of cycles (with convenient multiplicity) B.x for x G U fl Hq stay in a compact 
subset So in C;[(X). Then let S := K.Sq; this is again a compact subset in C^{X). 
But the subset T of limits of the generic fibers of the projection pg : TZg X for 
X G U is a compact set of thanks to [B.13] theorem 2.3.6 i). For x G Un Hq 

we have Pg({x) = G.x, and let T' be the open dense set in T described by the cycles 
f)o{x),x E V nflo- As we know that for x in Hq we have |(po(^)| = G.x we know that 
each of them is an union of d—cycles in S, thanks to the lemma 13.2.51 below. The 
proposition 12.2.31 implies that the set of limits of G.Xy for x^/ G Uflhlo is a compact 
set in Cl{X), proving [H.3]. ■ 
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Lemma 3.2.5 Let K be a compact Lie group with a holomorphic action on a reduced 
complex space M. Let X he an irreducible complex space and let ip : X ^ Cj^{M) 
and 'ip : X ^ Cl{M) two holomorphic maps. Assume that for each x in a dense 
open subset f2o in nje have 

\f){x)\ = Ufceii- k.\ip{x)\ = K.\ip{x)\ (@@@) 

where K acts holomorphically on C-^(M) via the action of K on M. 

Then the relation (@@@) holds for each x E X. 

PROOF. Let X E X and choose a sequence {xi,)^>o in IIq converging to x and let y 
a point in \%Ij{x)\. Then we can choose a sequence {yu)u>o of points in con¬ 

verging to y. As Xi, is in f2o we can write y^ = kyZ^ with E \ip{xif)\ and ky E K. 
Up to pass to a subsequence we can assume that the sequence {ky) converges to 
some k E K. So the sequence {zy) converges to k~^.y which is in \ip{x)\. This gives 
that y is in k.\ip{x)\ and we have proved the inclusion |t/’(a^)| C K.\ip{x)\. 
Conversely, if 2 : is in \ip{x)\ and k is in K, write again 2 : = XmiZy with Zy E \ip{xy)\ 
where the sequence [xy) of points in flo converges to x. We have k.Zy E \%lj{xy)\, and 
then k.z is in |t/’(a^)| conluding the proof. ■ 
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